Wormholes in conformal gravity by Hohmann, Manuel et al.
CERN-TH-2018-026
Prepared for submission to JHEP
Wormholes in conformal gravity
M. Hohmann,a C. Pfeifer,a M. Raidal,b and H. Veerma¨eb,c
aInstitute of Physics, University of Tartu, W. Ostwaldi Str 1, 50411, Tartu, Estonia
bNational Institute of Chemical Physics and Biophysics, Ra¨vala 10, 10143 Tallinn, Estonia
cTheoretical Physics Department, CERN, CH-1211 Geneva 23, Switzerland
E-mail: martti.raidal@cern.ch, manuel.hohmann@ut.ee,
christian.pfeifer@ut.ee, hardi.veermae@cern.ch
Abstract: We present a new class of solutions for static spherically symmetric wormhole
spacetimes in conformal gravity and outline a detailed method for their construction. As
an explicit example, we construct a class of traversable and non-traversable wormholes
that are locally conformal to Schwarzschild-(anti) de Sitter spacetimes. These wormhole
spacetimes are exact vacuum solutions in, but not being limited to, Weyl gravity and
conformal scalar-tensor theories. Importantly, the method implies that every conformal
theory of gravity with static spherically symmetric solutions will trivially contain wormholes
without the need for exotic matter. Applying those results on gravitational theories that
possess conformal symmetry in the ultraviolet regime, the central singularities of black
holes can be replaced with wormhole throats. We speculate on possible phenomenological
consequences. We also discuss the inclusion of matter fields and give explicit examples of
charged wormholes in Weyl gravity and conformal scalar-tensor gravity.
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1 Introduction
Although Nature is not conformally invariant, there are good theoretical reasons to believe
that conformal symmetry might play an important role in ultraviolet completions of gravity
(for the discussion see, e.g., [1]). Explicit attempts in this direction have been proposed [2,
3] that may represent prototypical theories of gravity valid up to infinite energy. The
conformal invariance must be broken at least by quantum effects through anomalies [4],
yet the theory may be an ultraviolet fixed point of scale invariant gravity [5]. As a result,
some features of the conformal gravity may survive at low energies as manifestations of the
unbroken high-energy phase of the theory.
A fascinating phenomenon in the geometric description of gravity is the potential
existence of wormholes [6]. The first wormhole solution known was the Einstein-Rosen
bridge [7, 8] in the maximally extended Schwarzschild solution. It encouraged speculations
about the possibility of wormhole spacetimes which allow to connect distant regions by a
shortcut. However, it turned out that the Einstein-Rosen bridge is non-traversable and
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that this property is shared by all wormholes satisfying the Einstein equations, because a
traversable wormhole necessarily violates the null energy condition, which is satisfied for
all known types of matter [9–11].
In modified theories of gravity the situation can be different [12–27] and wormholes may
be constructed without exotic matter. Wormholes in the vacuum of quadratic gravity have
been found by noting that any metric with vanishing Ricci scalar R is a vacuum solution
of the theory and then solving the equation R = 0 [17, 26]. Traversable wormholes with
no matter sources have also been found in Chern-Simons modified gravity [18]. Wormhole
spacetimes in the context of violation of the null energy condition by the surrounding matter
have been studied in conformal Weyl gravity [13, 16], and a static spherically symmetric
wormhole in the vacuum of Weyl gravity was found in Ref. [28]. Wormhole solutions have
also been studied in conformally coupled scalar-tensor theories [23, 24, 29].
In this article we present a general prescription of how to construct a new class of
traversable as well as non-traversable wormholes from spherically symmetric spacetimes by
a cut and conformal transformation procedure. To be more precise, we take a hypertube
part of the spacetime in consideration and apply a local conformal transformation to it. We
derive the conformal factor which turns this part of spacetime into a wormhole spacetime.
This method can be used to construct new solutions in any conformal theory of gravity.
Notably, because of the cutting procedure, these spacetimes are globally inequivalent even
in the context of conformal theories.
Our work reveals a new, so far largely overlooked, feature of conformal gravity theories,
i.e., theories whose field equations are invariant under the conformal rescaling of the metric,
gµν → Ω(x)2gµν . (1.1)
We demonstrate that theories containing a spherically symmetric solution, and this can
be expected for all conformal theories of gravity, also have solutions which are traversable
wormholes. The key point is that in those theories improper conformal transformations,
with Ω(x) zero or infinite at some points and thus not well defined globally, can be formally
used to construct new solutions. As a result, the existence of wormhole vacua in conformal
theories of gravity is a completely general, unavoidable feature of conformal gravity. We
stress, however, that our method is also applicable to non-vacuum solutions of conformal
theories containing matter.
Gravitational theories with conformal symmetry make frequent appearances in the
literature of gravity. Perhaps the most well known example is Weyl gravity [30–33] whose
action is the square of the Weyl tensor. It is an example of quadratic gravity which has
the advantage that it is, in contrast to general relativity, renormalizable [34]. However,
as a higher derivative theory it suffers from the Ostrogradsky instability in the form of
ghosts [35, 36]. Attempts to avoid the dangerous ghosts are numerous [1, 37–48] but so far
no widely accepted solution exists. Another well known example is scalar-tensor theory with
the scalar field conformally coupled to the Ricci scalar. The latter is sometimes referred
to as a fake conformal theory since the conformal symmetry acts as a gauge symmetry by
which we can remove the scalar degree of freedom. As a result the theory is equivalent
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to general relativity, at least locally. This example demonstrates the generality of our
proposal and its applicability to theories without pathologies such as ghosts.
Some solutions obtainable by our procedure have already been presented in literature.
For example, the wormholes in [28] represent a class of wormhole spacetimes proposed
in this paper. Interestingly, the non-conventional black holes in Weyl gravity [49] are
obtained from our construction in the limit of vanishing wormhole throat radius. We stress
that neither [28] nor [49] used conformal symmetry to obtain their solutions, although
it has been noted that these solutions are locally conformal to the Schwarzschild-(anti)
de Sitter (S-(A)dS) black holes. This is, in fact, true for all static spherically symmetric
vacuum solutions of both Weyl and conformal scalar-tensor gravity.
Although the main aim of this work is to demonstrate the existence of wormhole
solutions in conformal gravity, it is tempting to speculate on possible theoretical and phe-
nomenological consequences of our proposal. If conformal symmetry is restored in the
ultraviolet regime of gravity, while the low energy regime is described by general relativ-
ity [2, 5], our results may have implications for black hole physics. As a result, in the
vicinity of the centre of a black hole, corresponding to the ultraviolet regime, the classical
singularity can be removed and replaced by a wormhole throat through quantum effects.
A similar idea has been discussed in [50].
Alternatively, the wormholes which appear in conformal theories may survive the con-
formal symmetry breaking and exist at low energies. Their properties mimic the ones of
black holes if only long-distance gravitational effects are considered. However, the ab-
sence of a horizon allows them to be distinguished from black holes [51], for example, in
the coalescence of two of those objects, when a fraction of their total mass is radiated
by gravitational waves, as observed by the LIGO experiment [52, 53]. If these coalescing
objects are wormholes instead of black holes, gravitational wave echoes [54] following the
ringdown phase could be present. The absence of a horizon also changes drastically the
radiation from those objects [55, 56]. We note, that modifications to Hawking radiation
due to conformal invariance can be expected even in the presence of an horizon [57]. If large
primordial curvature fluctuations would collapse [58] into primordial wormholes instead of
black holes, those light primordial wormholes do not evaporate during the Hubble time and
could thus exist today. This implies that the astrophysical constraints on those objects,
summarised in [59], should be revised and the unknown dark matter of the Universe might
consist of light primordial wormholes. More speculatively but also more fundamentally,
wormholes may play a role in the understanding of quantum entanglement [60, 61].
This article is outlined as follows: In Section 2 we briefly review conformal transforma-
tions acting between static spherically symmetric spacetimes and present the construction
of wormhole spacetimes. Vacuum wormhole solutions of Weyl gravity and conformal scalar-
tensor gravity will be discussed in Section 3, along with some concrete examples. We briefly
discuss non-vacuum solutions and, to provide specific examples, we derive charged worm-
hole solutions in Weyl gravity and conformal scalar-tensor gravity minimally coupled to
the electromagnetic field. We conclude in Section 4. Some technical details related to
our solutions are collected in Appendix A. Throughout the article we use natural units
~ = c = 1 and we use the sign conventions (+,+,+) as defined in [62].
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2 Construction of the wormhole metric
We construct the wormhole from black hole spacetimes using local conformal transforma-
tions. The method restricts spacetime to a hypertube and then conformally extends that
hypertube to form a wormhole spacetime. The conformal factor is chosen such that it
becomes singular at the edges of the hypertube and thus there is a connection between the
restriction and the conformal factor. The method may also be applicable to non-spherical
spacetimes, but to demonstrate the mechanism we restrict our treatment to the spherical
ones.
In the following we will first recall that in conformal theories of gravity the most
general static spherically symmetric metric is of the Kerr-Schild type, after which we will
demonstrate how such metrics can be transformed to wormholes.
2.1 Spherically symmetric metrics and conformal transformations
Given a suitable choice of coordinates static, spherically symmetric spacetimes can always
be cast in the form
g = −a(r) dt2 + b(r)−1dr2 + r2dΣ2, (2.1)
where a(r) and b(r) are functions of the radial coordinate only and dΣ is the canonical
length element on a D − 2 dimensional sphere. The construction of the wormhole only
assumes a spacetime dimension D ≥ 3 in order for the wormholes to exist. In conformal
gravitational theories the metric (2.1) can be reduced further and, as we will show, it is
sufficient to find solutions satisfying an additional ansatz, e.g., a = b, which we will refer
to as a Kerr-Schild type static spherically symmetric metric.1
A conformally transformed metric g˜ with spherically symmetry is obtained from the
original metric g by
g˜ = Ω(r)2g, (2.2)
where the conformal factor Ω(r) is in principle an arbitrary function of r. In order to bring
it to standard spherically symmetric form (2.1) again one must introduce a new coordinate
r˜ = Ωr and finds
g˜ = −a˜(r˜) dt2 + b˜(r˜)−1dr˜2 + r˜2dΣ2, (2.3)
where the new functions a˜(r˜) and b˜(r˜) read
a˜(r˜) = Ω2a(r˜/Ω), b˜(r˜) =
Ω2b(r˜/Ω)
(Ω− r˜ dΩdr˜ )2
, (2.4)
and Ω is now treated as a function of r˜. This is the conformal transformation rule of static
spherically symmetric metrics.
It is always possible to find a conformal transformation such that a˜ = b˜ by solving the
equations
±
√
a(r)
b(r)
= Ω−2
dr˜
dr
= −r2 d(Ωr)
−1
dr
⇔ Ω(r) = ±
(
r
∫ r
r0
√
a(R)
b(R)
dR
R2
)−1
. (2.5)
1A static spherically symmetric metric can be expressed in the Kerr-Schild form gµν = ηµν + φkµkν ,
with ηµνkµkν = 0. This form exists precisely if a = b [63, 64], thus the name.
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Thus for conformally invariant theories of gravity it suffices to consider a Kerr-Schild type
metric
g˜ = −a˜(r˜)dt2 + a˜(r˜)−1dr˜2 + r˜2dΣ2, (2.6)
to find the spherically symmetric solutions of the theory. All other static spherically sym-
metric solutions can be obtained form it by means of conformal transformations.
Note, however, that the choice a˜ = b˜ does not completely remove the conformal de-
generacy. Taking (2.4) and imposing a = b and a˜ = b˜ yields the condition for conformal
transformations between Kerr-Schild type metrics,(
Ω− r˜dΩ
dr˜
)2
= 1 ⇔ Ω = r˜
r∗
± 1 = ±1
1− r/r∗ , (2.7)
where r∗ is an arbitrary constant. Thus the choice a˜ = b˜ restricts the infinite dimensional
local conformal symmetry to a group of one parameter transformations.
We will omit the tilde for the rest of the paper, because we can assume a = b without
loss of generality.
2.2 The wormhole transformation
Having found solutions of a conformal theory of gravity of the form (2.6) other solutions
can be constructed via conformal transformation and analytic continuation/restriction of
the solutions. To eventually obtain a wormhole metric, we apply again a conformal trans-
formation to the metric (2.6) with the aim to map it to the form
gˆ = Ω2g = −aˆ(l) dt2 + aˆ(l)−1dl2 + (l2 + d2)dΣ2. (2.8)
For aˆ(l) being positive and continuous around l = 0 this spacetime describes a stationary
wormhole with a throat radius d.2 The properties of the throat of the wormhole (2.8) are
briefly outlined in Appendix A.1 in the Morris-Thorne formalism.
Repeating the steps from the previous section and using Eq. (2.4), a conformal trans-
formation of a Kerr-Schild type metric g with a conformal factor Ω yields
gˆ = −aˆ(rˆ) dt2 + bˆ(rˆ)−1drˆ2 + rˆ2dΣ2, (2.9)
with rˆ = Ωr and
aˆ(rˆ) = Ω2a(rˆ/Ω), bˆ(rˆ) =
Ω2a(rˆ/Ω)(
Ω− rˆ dΩdrˆ
)2 . (2.10)
The main difference to the previous subsection is that we have assumed a = b in the
metric (2.6) from which we started. Introducing a new coordinate l via rˆ2 = l2 +d2 in (2.9)
for some fixed constant d and demanding that the resulting metric takes the form (2.8)
yields the following condition on the conformal factor Ω
aˆ
bˆ
=
(
Ω− rˆdΩ
drˆ
)2
=
(
dl
drˆ
)2
, (2.11)
2Allowing negative values of d, the throat radius is given by |d|.
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which can be solved explicitly for Ω3 as
Ω = η(l)
√
1 +
l2
d2
=
d
r cos (η0 − d/r) , (2.12)
where we defined η(l) ≡ η0−arctan (l/d) and η0 is an integration constant corresponding to
the conformal factor at the throat of the wormhole, l = 0. The coordinate transformation
is given by
r(l) =
d
η(l)
⇔ l(r) = d tan (η0 − d/r) . (2.13)
This implies that for any Kerr-Schild solution (2.6) there exists a class of wormhole solutions
(2.8) with
aˆ(l) =
(
1 +
l2
d2
)
η(l)2 a(d η(l)−1). (2.14)
These solutions are parametrised by the throat radius d and the parameter η0 contained
in η(l).
Observe that the range of the coordinates l ∈ (−∞,∞) does not cover the region r ∈
(0,∞) for the initial spacetime metric (2.6) and in some cases it is necessary to extend the
metric so that the radial coordinate takes values on the projectively extended real numbers.
We stress that this is not an artefact of the coordinate transformation as, by construction,
the conformal transformation (2.12) diverges at the boundary r(l→ ±∞). The domain of
the transformation, i.e., the region of the initial space where the conformal factor is well
defined, is implicit in the coordinate transformation (2.13) and will be discussed in detail
in the next subsection.
2.3 Domain of the transformation
As stated before, to understand on which regions of the original spacetime the conformal
factor is well defined and thus which regions are mapped into the wormhole spacetime,
it is sufficient to study the coordinate transformation r(l) = d/(η0 − arctan
(
l/d
)
). The
domain of the transformation is a hypertube, i.e., a restriction of the radial coordinate to
an interval and no restrictions on the time or the angular coordinates, so the spatial slice
at constant t is simply a spherical shell of finite thickness. In 2+1 dimensions one may
visualise this spacetime as a cylindrical shell, a tube. It is described by
r± ≡ r(l→ ±∞) = d
η0 ∓ pi/2 , r0 ≡ r(l = 0) = d/η0, (2.15)
where r± represent the boundaries of the spatial spherical shell. They are mapped to the
spatial infinity of the wormhole spacetime. The sphere at r = r0 is mapped to the throat
of the wormhole. The relation
d = pi
r+r−
r+ − r− , η0 =
pi
2
r+ + r−
r+ − r− , (2.16)
3The general solution is determined up to a sign, that is η ≡ η0 ± arctan (l/d). However, as the sign in
η can be flipped by l→ −l, then we pick the solution with the negative sign without loss of generality.
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implies, that the transformation (2.12) can be equivalently characterised in terms of r±.
According to (2.13) r can become infinite or even negative for |η0| < pi/2. This is not
an issue, if a(r) can be extended from r ∈ (0,∞), to the projectively extended real line
R∗ = R ∪ {∞}. This is the one point compactification of the real line, where the positive
and negative infinity are joined by adding a single point,∞ (and identifying∞ = −∞) [65].
In the rest of the paper r ∈ R∗ will be assumed when necessary.
In a D dimensional spacetime the extension r ∈ R∗ can be understood as gluing of the
spheres at r =∞, and r = −∞ at each fixed time t. Our goal is to find another solution of
the field equation, so the resulting aˆ should be finite, continuous and differentiable at the
point the r = ∞ is mapped into. This implies that a(r) must have identical asymptotic
behaviour for r → ±∞.
Consider the case when the point at spatial infinity of the initial spacetime is mapped
to a point in the wormhole. If this point is not surrounded by a horizon, that is aˆ(l(r →
±∞)) > 0, then it follows from (2.14) that a(r) ∝ r2 when r → ±∞. In other words,
when the initial spacetime is asymptotically AdS, then it is possible to travel through the
point l(r → ±∞), and thus connect the positive and negative spatial infinity of the initial
spacetime with a timelike path. Otherwise, if a(r) ∝ rα with α < 2, then the spatial infinity
of the initial space is turned into a horizon of the wormhole. If the original spacetime is
asymptotically dS, then aˆ(l(r → ∞)) < 0, so this point will be surrounded by horizons
(assuming that aˆ < 0 does not hold everywhere.)
Depending on the value of η0 we can identify the following special cases.
• If η0 ≥ pi/2 or equivalently 0 < r− < r+, then the wormhole is obtained from the
hypertube determined by r ∈ (r−, r+). When the inequality is saturated, η0 = pi/2,
then r+ =∞.
• If η0 ≤ −pi/2 or equivalently r− < r+ < 0, then the initial spacetime needs to be
extended to negative radial coordinates. In this case the wormhole is obtained from
the hypertube of the extended solution given by r ∈ (r−, r+). When the inequality
is saturated, that is η0 = pi/2, then r− = −∞.
• If |η0| < pi/2 or equivalently r+ < 0 < r−, the wormhole is obtained from the region
by r ∈ R∗ \ [r+, r−] and continued through the spatial infinity. The spatial infinity of
the initial spacetime corresponds to the point where η = 0. A finite aˆ at that point
thus corresponds to a(r → ±∞) ∝ r2. Such initial spacetimes are asymptotically
(A)dS.
A compact way of denoting the range of r is making use of the fact that r lives on R∗ and
when r+ < r− define the interval (r−, r+) as R∗ \ [r+, r−] as it is commonly done. Thus,
on R∗, all special cases listed above can be summed up by
r ∈ (r−, r+) (2.17)
for arbitrary r± ∈ R∗. It also contains the case r− < 0 < r+ not listed above. Although
r− < 0 < r+ corresponds to a negative throat radius by (2.16), it can result in a well
defined wormhole metric and should thus not be excluded.
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Another class of special cases are obtained in the limit r± → 0 which implies a vanishing
throat radius by (2.16). Thus no wormhole is formed. Before looking at the limit d → 0,
however, consider the case d = 0. As the metric ansatz (2.8) now reduces to the Kerr-
Schild ansatz (2.6) this transformation maps Kerr-Schild type spacetimes into Kerr-Schild
type spacetimes and the transformation is thus given by (2.7) which we repeat here for
convenience,
Ωd=0 =
l
r∗
± 1 = ±1
1− r/r∗ . (2.18)
Again, r∗ is an arbitrary constant. Since this conformal transformation has a pole at r = r∗,
the sphere at r = r∗ is mapped to spatial infinity, so the initial spacetime has to be defined
on r ∈ R∗. This conformal factor is also found in the limit d→ 0. In that case r∗ is either
r+ or r−. For example, assume l > 0. The asymptotics of the conformal factor (2.12) in
the limit d→ 0+ then give Ω = l/r+− 1, so r∗ = r+. The limit d→ 0+ has to be taken by
keeping r+ constant which implies that r− → 0.
We remark that the consecutive application of transformations Ωd=0 and Ω is equivalent
to a shift η0 → η0 ± d/r∗.
We have demonstrated that conformal transformations can turn hypertubes cut from
general spherically symmetric spacetimes (2.1) into traversable wormholes (2.8). The only
requirement is the mild condition that aˆ(l) is continuous and positive around the throat,
at l = 0. The wormhole throat in the more conventional Morris-Thorne metric is discussed
in Appendix A.1. Traversability of the wormhole is guaranteed if there are no horizons
in the region of the initial spacetime which gets conformally transformed to the wormhole
spacetime.
Hence whenever a conformal theory of gravity has a spherically symmetric solution,
it also has wormhole solution that can be constructed from it. We now turn to a specific
class of examples in well known gravitational theories with conformal symmetry.
3 Wormholes in Weyl and conformal scalar-tensor gravity
The following class of wormhole solutions exist in two concrete models of conformal gravity:
Weyl gravity and scalar-tensor gravity with a conformally coupled scalar. As the wormholes
result form the conformal nature of the theory, they exist even in the absence of matter.
Both theories have the S-(A)dS black hole as a solution, for which the metric can be given
by (2.1) with
a = b = 1− rs
r
− Λ
3
r2, (3.1)
where rs is the Schwarzschild radius encoding the black hole mass and Λ a cosmological
constant. The values Λ > 0, Λ = 0, Λ < 0 correspond to asymptotically de Sitter (dS),
flat and anti-de Sitter (AdS) spacetimes, respectively. Conformal symmetry implies that
this Kerr-Schild type static spherically symmetric solution can be slightly generalised by
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applying (2.7) in which case we obtain4
a = b = s− rs
r
+
1− s2
3rs
r − Λ¯
3
r2, (3.3)
where s is a new free real parameter related to the free parameter in (2.7). The two
cosmological constants are related by Λ¯ = Λ + (s − 1)2(s + 2)/(9r2s). This is the general
static spherically symmetric solution of the Kerr-Schild form in Weyl gravity [49].
A large class of wormhole solutions is now readily obtained by applying the Weyl
transformation (2.4) with Ω specified by (2.12) to (3.1). We obtain the metric (2.8) with
aˆ determined by
aˆ =
(
1 +
l2
d2
)(
η(l)2 − rs
d
η(l)3 − d
2Λ
3
)
, (3.4)
where η ≡ η0−arctan (l/d) as above. An identical form would have been obtained by apply-
ing the transformation to the seemingly more general metric (3.3), because all dependence
on s can be absorbed by an appropriate redefinition of η0 and Λ.
For rs = 0 the space is conformally flat and so we might impose Λ = 0 without loss
of generality. We will not do that, however, because first, the conformal transformation
turning (A)dS spacetimes into flat ones depend also on time and are thus not covered by
the class of conformal transformations considered here. Second, conformal transformations
between Einstein spaces are severely restricted, as in most cases they imply constant Ω
or they require the space to have constant curvature5. Therefore the S-(A)dS black holes
are never locally conformal to Schwarzschild black hole, that is when rs 6= 0 conformal
transformations that locally set Λ = 0 do not exist.
3.1 Weyl gravity
Conformal Weyl gravity [30–33] is a higher derivative theory of gravity described by the
action
S = −α
∫
dx4
√−g CµνρσCµνρσ, (3.5)
where Cµνρσ denotes Weyl tensor and α is a dimensionless parameter. The vacuum field
equations are the Bach equations
∇ρ∇σCµρνσ + 1
2
CµρνσRρσ = 0, (3.6)
4The even larger of class static spherically symmetric solutions thus reads
a = Ω(r)2 − rs
r
Ω(r)3 − Λ
3
r2, b =
Ω(r)2 − rs
r
Ω(r)3 − Λ
3
r2(
Ω(r)− r dΩ(r)
dr
)2 , (3.2)
where Ω(r) is an arbitrary function and rs and Λ are constants.
5More precisely, it can be shown that conformal transformations between Einstein spaces should satisfy
(Ω−1);µν ∝ gµν which implies the integrability condition CµνρσΩ,µ = 0. In particular, if Ω connects two
static spherically symmetric Einstein spaces then Ω,µ 6= 0 implies that these spaces are locally conformally
flat. See also Ref. [66].
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where Rµν is the Ricci tensor. The symmetries of the Weyl tensor and the second Bianchi
identity imply that the Bach equation is solved by Einstein spaces defined by the property
Rµν = Λgµν , (3.7)
and thus all vacuum solutions of GR with an arbitrary cosmological constant, such as the
S-(A)dS spacetimes, are vacuum solutions in Weyl gravity.
The S-(A)dS solutions extended to real coordinates on R∗ solve the Bach equation
and thus the transformation (2.8) can be used in its full extent to obtain new solutions by
conformal transformations. Up to conformal transformations the S-(A)dS is also the most
general static spherically symmetric solution in Weyl gravity. This follows from the fact
that Eq. (3.3) is the general Kerr-Schild type spherically symmetric solution to the Bach
equation [49].
We conclude that in Weyl gravity Eq. (3.4) describes the general wormhole solution
of the form (2.8). This does not mean, however, that other static spherically symmetric
wormhole solutions might not be found, e.g., by relaxing the ansatz (2.8). Our primary
goal is to demonstrate that the vacuum of Weyl gravity contains a large class of wormholes,
implying that they can exist without any need for exotic matter. In a fictional universe in
which conformal symmetry is exact these wormholes are as physical as black holes.
3.2 Conformal scalar-tensor gravity
Consider scalar-tensor gravity with an action
S =
∫
dx4
√−g
(
1
12
φ2R+
1
2
(∂φ)2 − λ
4
φ4
)
. (3.8)
This theory is symmetric under the Weyl transformation
gµν(x) 7→ Ω(x)2gµν(x), φ(x) 7→ Ω(x)−1φ(x). (3.9)
The scalar is, however, a non-dynamical gauge degree of freedom that may be explicitly
removed by choosing Ω(x) =
√
6Mplφ(x), which corresponds to the gauge fixing condition
φ =
√
6Mpl. As a result we are left with Einstein gravity with a cosmological constant
Λ ≡ 9λM2pl:
S =
∫
dx4
√−g 1
2
M2pl(R− 2Λ). (3.10)
It now follows that the theory has the S-(A)dS spacetime (3.1) as a solution. Unlike in
Weyl gravity, however, Λ is not a free parameter, but determined by the strength of the
self-interaction λ of the scalar. We remark that (3.8) is an example of an f(R,φ) theory,
which in specific cases has been shown to contain wormholes without the need for exotic
matter [20].
A wormhole solution is again obtained by applying the Weyl transformation (2.12) to
the S-(A)dS metric (3.1). Now, however, it is accompanied by a non-trivial spherically
symmetric scalar field configuration
φ(l) =
√
6Mpl√
1 + l2/d2(η0 − arctan (l/d))
, (3.11)
– 10 –
that lives in the wormhole spacetime given by (3.4). The field configuration is non-singular
for |η0| ≥ pi/2 so the wormhole is constructed from the regions of the S-(A)dS spacetime
that do not extend through spatial infinity. For a strict inequality |η0| > pi/2 the scalar
field behaves asymptotically as φ(l) ∝ 1/l and so it approaches zero at spatial infinity.
In case |η0| = pi/2 the field approaches a constant non-zero value at positive or negative
infinity. Consider, for example, the case to η0 = pi/2: the wormhole is obtained from the
patch r ∈ (r−,∞) so that r →∞ corresponds to l→∞, in which case the field approaches
a constant non-zero value, and r → r− corresponds to l→ −∞ and the field tends to zero.
A vanishing value of the field corresponds to an infinite effective gravitational cou-
pling in conformal scalar-tensor gravity (3.8). This seems to be an inevitable feature of
traversable vacuum wormholes in more general scalar-tensor theories, because traversable
wormholes and an effective gravitational coupling that is everywhere non-vanishing and
finite are possible only in presence of matter violating the null energy-condition [67]. Nev-
ertheless, we stress that φ → 0 is approached only asymptotically - gravity may become
stronger as we travel farther from the wormhole, but never actually infinite for any finite
distance l. If one side of the wormhole is to represent the observable universe, then it is
necessary to impose |η0| = pi/2. The other side of such wormholes will still exhibit an
unbounded growth of the gravitational force as the distance increases and will thus be
qualitatively very different from the observable universe.
Observe that the scalar field here is a gravitational degree of freedom and no matter
fields are present. Thus the null energy condition TµνN
µNν ≥ 0, where Nµ are null
vectors and Tµν is the usual Hilbert stress-energy-momentum tensor, is trivially satisfied
since Tµν = 0. To develop a better intuition between the null energy condition for (3.8)
and for general relativity, it is instructive to express the field equations of the action (3.8)
as Gµν = Qµν , where Qµν are the terms involving the scalar field and its derivatives. One
then realises that the scalar field mimics the behaviour of exotic matter violating the null
energy condition, since for the wormhole spacetime (3.4) there exist null-vectors N which
satisfy RµνN
µNν < 0 and so QµνN
µNν < 0. Thus in conformal scalar-tensor gravity, the
wormhole is present without exotic dark matter but is sourced by the gravitational scalar.
3.3 Classification and examples
Having the general wormhole solution (2.8) at hand we now study the geometric properties
which characterise the solution. We focus on the traversability and asymptotics of the
spacetimes connected by the wormhole. These properties can be used as a basis of a
qualitative classification of the wormhole solutions. A few simple examples are discussed
in detail in the following subsections.
Many features of the wormhole can be intuitively understood from the fact that null
geodesics are invariant under conformal transformations. As the metric (2.8) is conformally
related to a region of the S-(A)dS metric, its null geodesics match the null geodesics of
the S-(A)dS spacetime up to reparametrization. The geodesics of the S-(A)dS have been
discussed in detail in Ref. [68].
Conformal invariance of the causal structure implies that the wormhole will inherit its
horizons from the region of the extended S-(A)dS spacetime (3.1) it is conformally related
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to. Especially, if rs = 0 the wormhole is formed from a pure dS or AdS spacetime, i.e., a
spacetime without a black hole horizon, and the condition Λ ≤ 0 implies the absence of
a dS horizon. Traversability can be loosely rephrased as: the wormhole throat should not
be surrounded by horizons. This does, however, not imply that the spacetime does not
contain any horizons.
The general asymptotics can be obtained by expanding (3.4). The first four terms read
aˆ(l/d→ ±∞) = −1
3
Λ±l2 + µ±l + s± − rs±
l
+O (l)−2 , (3.12)
where
Λ± = Λ + 3
rs − r±
r3±
,
µ± =
2r± − 3rs
r2±
,
s± = 1− 3rs
r±
− d
2
3
Λ±,
rs± = rs − 2d
2
3
µ±, (3.13)
and r± denote the values of the radial coordinate at the boundary of the patch of the
initial S-(A)dS spacetime from which the wormhole is constructed. Note that d and r± are
related by Eq. (2.16). As already implied by (3.12), the wormhole connects two spacetimes
with an asymptotically constant curvature, so that
Rµνρσ ∼ Λ±
3
(gµρgνσ − gµσgνρ) +O(l−1), (3.14)
for l/d → ±∞, respectively. The l−1 term is proportional to µ± and thus the Riemann
curvature is constant roughly when
l . − |µ−/Λ−| or l & |µ+/Λ+| . (3.15)
Of course, for vanishing µ+ one needs to look at the higher order terms in the expan-
sion (3.12).
It is not possible to find solutions for which both Λ± and both µ± vanish, so the
condition (3.15) implies that this class of solutions does not contain wormholes connecting
asymptotically flat spacetimes. Apart form a brute-force calculation, this can be seen by
first noting that the wormhole, as determined by (3.4), is described by 4 parameters, e.g.,
Λ, rs, r±.6 One of the parameters, however, can be fixed by choosing the units, so up to
a rescaling the metric is determined by only 3 parameters and thus there is not enough
freedom to choose Λ± = 0 and µ± = 0 simultaneously.
Nevertheless, it is possible to freely choose the first four parameters of the asymptotic
expansion (3.13) on one side of the wormhole and this choice will completely determine the
asymptotic properties of the other side of the wormhole. For example, consider the case
6An alternative parametrisation replacing r± with η0 and d can be obtained by (2.16).
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where the l > 0 side asymptotically resembles a black hole in the observable universe, for
which µ+ = 0. The condition µ+ = 0 corresponds to r+ =∞ or to r+ = 3/2rs. If we choose
the first option, the l > 0 side of the wormhole inherits the asymptotics of the original S-
(A)dS spacetime, for which we assume that the cosmological horizon is much larger than
other involved scales, Λ−1/2  d, rs. It is now possible to choose r− so that µ− = 0 or
Λ− = 0. In both cases the relevant length scales Λ
−1/2
− or µ
−1
− would be comparable to the
throat radius, d = r−/pi. Consequently, it is not only impossible to set Λ± = 0, µ± = 0 on
both sides of the wormhole, but doing so on one side of the wormhole implies that the other
side does not resemble an asymptotically S-(A)dS black hole. By tuning the parameters
so that Λ− is small enough the l < 0 side will be approximately (A)dS for |µ+/Λ+|  l.
This is discussed further in Section 3.3.3.
Finally, it is instructive to compare this expansion to the Weyl gravity black hole
(3.3) which has a similar structure to the asymptotic wormhole exteriors. The black hole
(3.3) would, however, satisfy s2± + 3rs±µs± = 1, thus not all wormhole exteriors can be
asymptotically matched to the black hole solution (3.3).
3.3.1 Traversable AdS/Minkowski wormhole
i+
i−
i0
I +
I −
I ±
Figure 1. Penrose diagram for the AdS/Minkowski wormhole. Horizontal lines show hypersurfaces
with constant time t, while vertical lines have constant radial coordinate l. The vertical line in the
center corresponds to the throat l = 0. On the left is the AdS part, where both future and past
lightlike geodesics reach the conformal boundary I ± in finite coordinate time t. On the right is
the asymptotically flat part, with the usual boundary components of Minkowski space.
Wormholes connecting an AdS spacetime to a Minkowski spacetime can be constructed
from an asymptotically flat spacetime, in the simplest case the Minkowski spacetime. In
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order to inherit the asymptotic flatness we need to send r+ to infinity (or r− to minus
infinity). In all, one of the simplest examples of such a spacetime corresponds to Λ = 0,
rs = 0, η0 = (−)pi/2 with the throat radius d as the only free parameter. The metric then
reads
ds2 = −
(
arctan
l
d
± pi
2
)2(
1 +
l2
d2
)
dt2 +
dl2(
arctan ld ± pi2
)2 (
1 + l
2
d2
) + (d2 + l2)dΩ2.
(3.16)
This wormhole connects an asymptotically flat spacetime to an asymptotically AdS space-
time with Λ = −pi2/d2.
The causal structure of this wormhole is illustrated by the Penrose diagram in Fig 1.
The coordinates used are given in Appendix A.3. For a more quantitative understanding
consider radially falling lightlike geodesics for (3.16),
γ(t) =
(
t, d cot
(
1
2/pi + t/d
)
,
pi
2
, 0
)
, (3.17)
where the constant of integration was chosen so that, l(0) = 0. The coordinate time is seen
to be bounded, t − t0 ∈ (−d/pi,∞), so light rays traverse the AdS region l ∈ (−∞, 0) in
finite coordinate time ∆t = d/pi. This is characteristic for asymptotically AdS spacetimes.
Thus an observer near the throat of the wormhole sees a photon coming from l = −∞
reaching its position in finite time and then disappearing to l =∞ in infinite time.
3.3.2 Traversable AdS/AdS wormholes
The leading term l2 in the expansion (3.12) is characteristic for (A)dS spacetimes. By
Eq. (2.14) it is also proportional to the function a of original the S-(A)dS spacetime (3.1).
Therefore, as we transform the S-(A)dS black hole into a wormhole, the spatial boundary
of the restriction is transformed an asymptotically (A)dS spacetime unless the restriction
is made at a horizon. If the restriction is made between the black hole and cosmological
horizons, the resulting wormhole will connect two AdS spacetimes.
If the original spacetime is asymptotically AdS, it is possible to construct a traversable
wormhole from the hypertube defined by r ∈ R∗ \ [r+, r−] of the extended spacetime
provided that it does not contain any horizons. This is the example we will consider next.
For simplicity we choose rs = 0 and η0 = 0 implying that r− = −r+ = 2d/pi. The wormhole
throat is positioned at the spatial infinity of the original spacetime. The metric reads
ds2 = −
(
arctan2
l
d
+
d2
l2Λ
)(
1 +
l2
d2
)
dt2 +
dl2(
arctan2 ld +
d2
l2Λ
)(
1 + l
2
d2
) + (d2 + l2)dΩ2,
(3.18)
where we defined lΛ ≡
√−3/Λ > 0. In case l2Λ < 0, i.e., if the original spacetime would
be dS, the wormhole would not be traversable. By Eq. (3.13), the wormhole connects two
asymptotically AdS spacetimes with
Λ± = − 3
d2
(
pi2
4
+
d2
l2Λ
)
, (3.19)
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i+
i−
I ±I ±
Figure 2. Penrose diagram for the symmetric AdS/AdS wormhole. The causal structure of the
spacetime agrees with two copies of the left half of the spacetime shown in figure 1, i.e., the
Minkowski part has been replaced with another AdS part.
so the distance scales associated with the asymptotic curvature are comparable to or smaller
than the throat size.
The causal structure of this wormhole is illustrated by the Penrose diagram in Fig. 2.
Consider again radially falling lightlike geodesics of (3.16),
γ(t) =
(
t, d tan
(
d
lΛ
tan
(
t
lΛ
))
,
pi
2
, 0
)
, (3.20)
the coordinate time is seen to be bounded, t ∈ (−lΛ arctan (pilΛ/2d) , lΛ arctan (pilΛ/2d)).
As expected, the light rays traverse the AdS regions l ∈ (±∞, 0) in finite coordinate time
∆t = lΛ arctan (pilΛ/2d), so an observer near the throat of the wormhole sees that photons
travelling through the wormhole take a finite time to travel from l = −∞ to l = +∞.
Although the metric (3.18) was obtained from an AdS spacetime it could as well be
obtained by conformally restricting/expanding a Minkowski space, which is conformal to
AdS. We stress again that the conformality between this wormhole to AdS is only local.
Moreover, it is possible to spatially compactify the wormhole spacetime by gluing together
the negative and positive spatial infinities, so that l takes values on R∗, resulting in a
spacetime that is spatially compact and locally conformally flat. This spacetime can not
be conformally extended to an AdS spacetime. In conclusion, both wormholes (3.18) and
(3.16) in the two examples discussed above are solutions of any conformal theory that has
the Minkowski spacetime as a solution.
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3.3.3 Traversable dS/dS wormholes
I +
I −
I +
I −
Figure 3. Penrose diagram for the dS-dS wormhole. Solid lines show hypersurfaces with constant
time t, while dashed lines have constant radial coordinate l. The central patch of the diagram
contains the throat of the wormhole, which is located at the vertical line in the center. On both
sides of the wormhole there exist cosmological de Sitter horizons, indicated by diagonal lines, which
prevent certain regions of the asymptotic spacetimes to be reached from the throat, and vice versa.
Regions on the far left and right of the diagram are causally disconnected from the throat in the
center.
Unlike for the previous examples, wormholes connecting asymptotically dS spacetimes
can not be constructed from flat spacetimes. As the horizons are inherited from the original
spacetime it is necessary that Λ, rs > 0. We will work with the region r ∈ (r−,∞), i.e., we
send r+ to infinity. To obtain a second dS horizon the cut at r− has to be made slightly
within the event horizon of the black hole. By choosing r− = rs we obtain by using (3.13)
that
aˆ ≈
{
1− rsl − Λ3 l2, when l→∞,
−2− rsl − lrs − Λ3 l2, when l→ −∞.
(3.21)
From the leading terms in the expansion it can be seen that both sides of the wormhole
possess cosmological horizons at lH+ ≈
√
3/Λ and lH− ≈ −3/(rsΛ). aˆ is positive for
l ∈ (lH−, lH+) so these are also the only horizons. It is clear that the l > 0 side of the
wormhole is asymptotically a S-dS black hole. The expansion (3.21) of the l < 0 side may
also look asymptotically dS, yet within the horizon the linear term dominates and the l2
term becomes dominant only beyond the horizon, when l lH−.
The Penrose diagram of the dS/dS wormhole is depicted in Fig. 3. The throat is the
central vertical line and corresponds to l = 0. For an observer at rest at the throat, the
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spacetime decomposes into different regions, which are separated by a number of horizons.
The two diagonals which meet at I+ above the throat mark the event horizons. Any events
outside of these horizons cannot be seen by the observer, and hence no information from
there can pass through the wormhole. These are complemented by two particle horizons
denoted by the diagonal lines meeting at I− below the throat. No particles or information
coming through the wormhole can reach these horizons. In particular, the two triangular
regions at the edges of the Penrose diagram are completely causally disconnected from the
wormhole throat, and thus an observer located in these regions cannot interact with the
wormhole in any way.
3.4 Inclusion of matter: Charged wormholes
Our construction can be straightforwardly generalised to conformal theories containing
matter fields. As before, without loss of generality it is sufficient to study spherically sym-
metric solutions satisfying the Kerr-Schild ansatz for the metric, Eq. (2.1) with a = b. Hav-
ing such solutions at hand it is then possible to apply the wormhole transformation (2.14)
to obtain wormhole solutions that are locally conformal to the original spherically symmet-
ric spacetime. In that case, the Weyl transformation should also be applied to the matter
fields.
The wormhole geometries given by (3.18) and (3.16) exist in any conformal theory
that has the Minkowski spacetime as a solution. It is reasonable to expect that the latter
property is shared by most gravitational theories, so these (vacuum) wormhole geometries
are nearly universal. As gravitational interactions of matter fields will generally differ in
different conformal theories of gravity, this universality is lost for non-vacuum solutions.
The static spherically symmetric vacuum solutions of Weyl gravity contain the vacuum
solutions of conformal scalar-tensor gravity. It is interesting to consider the differences
between non-vacuum solutions of these theories. A simple example of conformal matter
fields is the electromagnetic field, described by the action
S = −1
4
∫
dx4
√−g FµνFµν , (3.22)
where Fµν = ∂µAν − ∂νAµ is the electromagnetic field tensor and Aµ the vector potential.
Note that the action (3.22) is invariant under Weyl transformations, provided that the
vector potential is left unchanged. The Maxwell equations are therefore also invariant. For
static spherically symmetric field configurations on the background Eq. (2.1) they imply
Aµ = (−
√
2Q/r, 0, 0, 0), (3.23)
where Q is the electric charge [69]. Consider now the static spherically symmetric solutions
for Weyl gravity and conformal scalar-tensor gravity:
• In conformal scalar-tensor gravity the Kerr-Schild type solution can be obtained in
the Einstein gauge φ =
√
6Mpl, for which the action for gravity is given by (3.10).
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The solution is given by the Reissner–Nordstro¨m-(anti) de Sitter metric7 for which,
a = 1− rs
r
+
r2q
r2
− Λ
3
r2, (3.24)
where rq ≡ Q2/M2pl. The wormhole geometry obtained from (2.14) reads,
aˆ =
(
1 +
l2
d2
)(
η(l)2 − rs
d
η(l)3 +
r2q
d2
η(l)4 − d
2Λ
3
)
. (3.25)
with the conformal scalar given by (3.11) and the electromagnetic potential8
Aµ = (
√
2Q arctan (l/d) /d, 0, 0, 0), (3.26)
where we neglected the unphysical constant terms. The electromagnetic field is
strongest around the throat of the wormhole and decays as l−2 at spatial infinity.
The different sides of the wormhole have opposite apparent charges as measured by
an outside observer.
• In Weyl gravity a Kerr-Schild type solution can be obtained by making the ansatz
a = s− rs
r
+ µr − Λ
3
r2, (3.27)
which, after plugging it into the Bach equation with an electromagnetic source,
∇ρ∇σCµρνσ + 1
2
CµρνσRρσ = − 1
α
TµνEM , (3.28)
yields the constraint,
1− s2 − 3rsµ = 3Q
2
2α
. (3.29)
For Q = 0 the solution reduces to the vacuum solution (3.3), as expected. As in the
vacuum case, s can be absorbed by a suitable redefinition of the parameters and the
metric for the wormhole can be expressed as
aˆ =
(
1 +
l2
d2
)(
η(l)2 − rs
d
η(l)3 − Q
2d
2αrs
η(l)− d
2Λ
3
)
. (3.30)
while the electromagnetic vector potential is given by (3.26).
Unlike in conformal scalar-tensor gravity, inclusion of an electric charge does not
qualitatively change the geometry of the black hole. Quantitatively, the changes can
be felt by a modified relation between the parameters µ and rs. Interestingly, it
follows that the asymptotic geometry (3.12) of wormholes can be matched with a
charged black hole.
7For a more detailed derivation of the Reissner-Nordstro¨m metric in scalar-tensor gravity see for exam-
ple [69].
8Note that, in general, when applying the conformal transformation (2.4) relating spherically symmetric
metrics, the expression for the electromagnetic vector potential Aµ is affected only by the coordinate
transformation r → rΩ.
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4 Conclusions
In this paper we demonstrated that conformal theories of gravity contain traversable worm-
holes if they have any spherically symmetric solution at all, which is a very mild assumption
and certainly the case for the conformal theories of gravity of interest. To construct the
wormhole solution we started with a spherical symmetric spacetime and applied the con-
formal transformation which turns subsets of these spacetimes into wormhole spacetimes.
We constructed the wormhole solutions explicitly for two most studied conformal grav-
ity theories, the Weyl gravity and the scalar-tensor gravity with a conformally coupled
scalar. Both theories have in common that the extended Schwarzschild - (anti) de Sit-
ter spacetime is a solution of their field equations. We could identify certain subsets of
these spacetimes to which we applied a conformal transformation such that they become
wormhole spacetimes in which the wormhole connects spaces with asymptotically constant
curvature. Finally, we presented three specific examples of traversable wormholes con-
necting asymptotically AdS/Minkowski, AdS/AdS and dS/dS spacetimes which are all
obtained by applying a conformal transformation to a subset of the original Schwarzschild
- (anti) de Sitter spacetime. We briefly discuss the inclusion of matter fields and give ex-
plicit examples of wormholes surrounded by an electromagnetic field in Weyl gravity and
conformal scalar-tensor gravity.
An important feature of these wormholes is that they are already present in the vacuum
of the conformal gravity theories considered. Thus among static spherically symmetric
spacetimes there is no reason the prefer black holes over wormholes in these theories.
Moreover, the wormholes found here may be used as a starting point for a perturbative
study in theories where conformal symmetry is only approximate, that is the terms breaking
the conformal symmetry are small. This may be the case, for example, in agravity, that
was shown to be asymptotically conformal. If the conformal symmetry turns out to be a
good symmetry of Nature at small scales, the singularity of a black hole might be removed
and replaced by the throat of a wormhole. Moreover, as traversable wormholes can mimic
black holes, the throat might even replace the horizon of the gravitating body.
The method presented here can be extended to construct wormholes with more com-
plicated topologies, e.g., by considering initial spacetimes with a nontrivial topology.
The main message we aim to convey in this paper is that the traversable wormholes
are much less exotic solutions in conformal gravity than previously believed since their
existence does not require the existence of exotic matter or negative energy objects. Being
a vacuum solution, the wormholes may play a fundamental role in the formulation of
an ultraviolet complete theory of gravity as well as provide observable phenomenological
consequences beyond general relativity.
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A Some properties of the wormhole metric
In this Appendix we briefly summarise some of the basic features of the wormhole metric
(2.8) which we repeat here for the convenience,
gˆ = Ω2g = −aˆ(l) dt2 + aˆ(l)−1dl2 + (l2 + d2)dΣ2. (A.1)
A.1 Wormhole throat in the Morris-Thorne formalism
We now discuss the throat of the wormhole in more detail. For this purpose it is convenient
to use the coordinates (t, r, θ, φ, ...), where r2 = l2 + d2 is introduced earlier, and to bring
the metric to the standard Morris-Thorne form [9, 10]
ds2 = −e2Φ±(r)dt2 + dr
2
1− b±(r)/r + r
2dΣ2 , (A.2)
where the redshift function Φ(r) and shape function b(r) are given by
Φ±(r) =
1
2
ln aˆ±(r) , b±(r) = r − r
2 − d2
r
aˆ±(r) , (A.3)
where
aˆ±(r) =
r2
d2
(
Λd2
3
+ η˜2±(r)−
rs
d
ηˆ3±(r)
)
, η±(r) = ± arccos
(
d
r
)
+ η0 . (A.4)
Note that these coordinates actually describe two coordinate patches, each of them covering
the range r ∈ [d,∞). A number of conditions must be satisfied in order for the solution to
describe the shape of a wormhole, which we discuss in the following.
• The time coordinate must be continuous at the throat, which implies that Φ+(d) =
Φ−(d). This is the case, since one easily checks that
η+(d) = η0 = η−(d) , (A.5)
and hence
aˆ+(d) =
Λd2
3
+ η20 +
rs
d
η30 = aˆ−(d) . (A.6)
• Defining the (signed) distance ` from the throat as
`(r) = ±
∫ r
d
dr′√
1− b±(r′)/r′
, (A.7)
we have the condition that r(`) has a minimum at the throat. This in particular
implies that
0 =
dr
d`
∣∣∣∣
`=0
= ±
√
1− b±(d)
d
, (A.8)
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and thus b±(d) = d. Again, it is easy to check that this is the case for the solution
we consider. It further implies the so-called flaring-out condition,
0 <
d2r
d`2
=
1
2r
(
b±(r)
r
− b′±(r)
)
=
d2
r3
a±(r) +
r2 − d2
2r2
a′±(r), (A.9)
in the vicinity of the throat. In particular, at the throat itself, where r = d and
b±(d) = d, we must have
0 ≤ d
2r
d`2
∣∣∣∣
`=0
=
1
2d
(
1− b′±(d)
)
=
1
d
a±(d) . (A.10)
However, recall that a±(r) > 0 in the proximity of the throat as a consequence of the
condition that the throat is not surrounded by horizons, so that condition (A.10) is
satisfied. From the continuity of a± follows that also condition (A.9) is satisfied.
A.2 Geodesics
To clarify whether the wormhole we are considering is traversable, or not, we study
geodesics passing through the wormhole. The metric (2.8) is spherically symmetric and
static so we can use the symmetries to derive the radial timelike and lightlike geodesics in
the usual way.
We remark that null geodesics are invariant under conformal transformations. Thus
null geodesics of the metric g are identical to null geodesics of the metric g up to reparametri-
sation. As the metric (2.8) is conformally related to a region of the Schwarzschild de-Sitter
metric, its lightlike geodesics can also be derived from the null geodesics of Schwarzschild
de-Sitter spacetime which have been discussed in detail in [68].
We are looking for curves γ(τ) = (t(τ), r(τ), θ(τ), φ(τ)), where τ denotes the proper
time. Without loss of generality we only need to consider curves in the equatorial plane,
that is θ(τ) = pi/2. The test particles have two constants of motions: energy E = aˆt˙,
where aˆ is defined in (3.4), and the angular momentum L = 2(l2 + d2)φ˙. The dot denotes
derivation with respect to the proper time. The orbit equation is obtained by demanding
g(γ˙, γ˙) = , where  = −1 for timelike geodesics and  = 0 for lightlike geodesics. Using
the constants of motion we find that the orbit in the wormhole spacetime obeys
l˙2 + 2Veff(l) = E
2 , (A.11)
where the effective potential reads
2Veff(l) = aˆ(l)
( L
4(l2 + d2)
− 
)
. (A.12)
Consider the proper time for a test particle travelling from l0 = l(τ0) to l1 = l(τ1).
Eq. (A.11) implies that
τ =
∫ l1
l0
dl
(
E2 −
( L
4(l2 + d2)
− 
)
aˆ
)−1/2
. (A.13)
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For observers with a sufficiently large energy parameter E, namely such that the term
under the square root is positive, we obtain a finite proper time even when l0 and l1 lie on
different sides of the wormhole throat. If aˆ is positive everywhere, this holds also for the
coordinate time
t =
∫ l1
l0
dl
aˆ
(
1−
( L
4(l2 + d2)
− 
)
aˆ/E2
)−1/2
. (A.14)
It is possible that the solution contains turning points defined by a vanishing of the bracket
in the integrand. In this case the particle oscillates between the different sides of the
wormhole. When the energy exceeds the effective potential in the vincinity of the wormhole
throat, it is possible to obtain trajectories passing through the wormhole.
For radially infalling photons (L = 0,  = 0) the effective potential (A.12) vanishes.
In terms of the coordinate time t the trajectories then read γ(t) = (t, l(t), pi/2, 0) with l(t)
given implicitly by
t =
∫ l dl′
aˆ(l′)
=
∫ d/η(l) dr
a(r)
, (A.15)
where a(r) is the g00 component of the original spherically symmetric spacetime (2.6), in
our case the g00 component of the S-(A)dS spacetime. It is related to aˆ(l
′) by the worm-
hole transformation (2.14), while the coordinates are related by r = d/η(l). The identity
in (A.15) follows from the invariance of lightlike geodesics under conformal transformations,
and can also be shown by directly applying (2.14). The possible range of integration is
determined by d/η(l) and will not be the same for the S-(A)dS spacetime and the wormhole
spacetimes.
When inserting the S-(A)dS metric (3.1), the integral (A.15) can be evaluated analyt-
ically. It yields the dependence l(t) which determines the proper time which passes for an
observer at rest until a light ray has passed the wormhole.
A.3 Penrose diagram for the wormhole metric
Penrose diagrams are a very useful tool to visualise the causal structure of spacetimes. They
are constructed by finding a coordinate transformation of the time and radial coordinate t, l,
such that the new coordinates T, L have a finite range, and that lightlike radial geodesics
satisfy dL/dT = ±1. Such a coordinate transformation can be constructed in several steps,
which we list here for the general wormhole metric (2.8). The results are illustrated in three
examples in Section 3.3.
We start by introducing the tortoise coordinate l˜ through the definition
l˜(l) ≡
∫ l
0
dl′
aˆ(l′)
, (A.16)
while all other coordinates remain unchanged. This is the integral (A.15) for radial lightlike
geodesics and, in general, it has no analytic solution. The coordinate transformation is
defined and invertible everywhere, if a is positive, i.e., when the integration variable does
not cross any horizons. The metric (2.8) can now be recast
ds2 = aˆ(−dt2 + dl˜2) + (l2 + d2)dΣ2 , (A.17)
– 22 –
where l is implicitly defined as a function of l˜. It follows that radial light rays follow curves
with dl˜/dt = ±1 in these coordinates.
By introducing light cone coordinates u = t− l˜, v = t+ l˜ the metric is recast as
ds2 = −aˆdudv + (l2 + d2)dΣ2 , (A.18)
with u, v being null coordinates. This property is preserved under a coordinate transfor-
mation U = d tanh (u/d), V = d tanh (v/d), after which we obtain null coordinates U, V ,
as can be read off from the metric
ds2 = − aˆ
(1− U2/d2)(1− V 2/d2)dUdV + (l
2 + d2)dΣ2 . (A.19)
Observe that the whole wormhole spacetime is now mapped into the region U, V ∈ (−d, d)
or a subset thereof, depending on the range of the tortoise coordinate l˜, which depends on
the choice of the function aˆ. Hence, also the coordinates
T =
U + V
2
, L =
V − U
2
, (A.20)
take values on a bounded region. The metric then finally takes the form
ds2 =
aˆ
(1− U2/d2)(1− V 2/d2)(−dT
2 + dL2) + (l2 + d2)dΣ2 . (A.21)
These are the coordinates we used for the Penrose diagrams in section 3.3.
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